Abstract : Opinion formation is investigated over signed gossip networks, where asymptotic and transient opinion behaviors are analyzed in detail. The network is modeled by a connected signed graph, where each edge of the graph has positive or negative weight, i.e., these edges represent friendly or hostile relationship. Interactions each of which occurs between two persons chosen randomly follow an asynchronous procedure. Then it is shown that their opinions always converge in mean square and converge almost surely. A convergence time is defined as the smallest time such that it takes for the values of nodes to get within a given neighborhood of the consensus value with high probability, regardless of initial state. An upper bound and a lower bound of the convergence time of the gossip algorithm are given in terms of a structure of the given network.
Introduction
Opinion dynamics is a process describing individual opinion behavior or attitude change. It is important to understand its behavior for economics [1] , sociology [2] , social psychology [3] , and so on. Typical interests in this area are analysis of opinion behavior over time, investigation of conditions which these behaviors depend on, and so on.
DeGroot model [4] is one of the typical network models which is an undirected/directed graph with positive weighted edges. Each agent which corresponds to a person has a opinion. Then, each time step, their opinions vary through interactions according to the graph. In [5] , DeGroot model is employed and it is assumed that each initial opinion is a random variable whose mean is the true value and variance is finite. Then, it is shown that all of the opinions converge to the true value if and only if the most influential agent does not become to affect other agents when the number of agent goes to infinity. In the model, each agent recalls its current opinion only and it does not have memory on their neighborhood past opinions. From a view point of economics, we can interpret this character as bounded rationality of persons. This character leads to persuasion bias analysis of social networks [1] and analysis on effect of misleading opinions [6] .
As a model of social networks, a graph whose edges could have negative weights is also considered. This is called a signed graph. Interaction effect among friends could differ from that among strangers. The signed graphs provide natural representation for this phenomena. In fact, it has attracted much attention for modeling interpersonal interaction [3] , [7] . In [8] , consensus problems are investigated over signed graphs using a distributed time-varying linear protocol for opinion forming among agents in the networks.
On the other hand, simultaneously interpersonal interactions are assumed in the model [8] . However, this setting is not realistic if we consider personal communications. In fact, every persons which are connected by the graph cannot meet all at once. This motivates us to develop a model for exchanging information between two persons at each time. For this goal, we employ a gossip algorithm over unsigned graphs [9] , where it allows only two agents to communicate each other at each time.
In this paper, we investigate convergence analysis of opinion formation over a connected signed gossip network, where each edge of the graph has weight whose sign is positive or negative. We model that only one interaction between two agents occurs at each time step. That is, our model consists of the following three steps. At each time, (i) two persons randomly meet based on the social network, (ii) they exchange their opinions, and (iii) they update their opinions according to their relationship, that is, the weight of the edge. We show that our opinion formation converges in mean square and converges almost surely, where either a bipartite consensus or a trivial consensus is achieved depending on the graph structure. Then we establish an upper bound and a lower bound for the so-called ε-convergence time which is defined as the smallest time such that it takes for the values of the algorithm to get within an ε neighborhood of the consensus value with high probability, regardless of initial state. The upper bound gives a rigorous stopping time for our model. We also remark that stopping rules have been investigated for several other algorithms in, e.g., [10] , [11] .
The present paper incorporates and builds upon its earlier preliminary versions [12] , [13] . The preliminary versions have established convergence in expectation, convergence in mean square, and an upper bound of ε-convergence time. On the other hand, in this paper, providing a unified view point of convergence properties of the gossip algorithm over signed graphs, we show that the algorithm also converges almost surely. We further derive a lower bound of ε-convergence time. We hasten to note that there are some researches on gossip social networks [6] , [14] - [16] . Especially, in [16] , opinion formations over signed gossip networks are considered. They also provide convergence condition of opinion formation with respect to the eigenvalues of the graph Laplacian, while our condition clarifies graph structure for convergence.
The outline of the paper is as follows. In Section 2, we introduce an opinion dynamics over signed gossip networks and summarize a few facts [12] , [13] which will be useful for convergence analysis and deriving the convergence time. Section 3 is devoted to investigating convergence in mean square and almost sure convergence of our opinion formation. In Section 4, we introduce the notion of ε-convergence time, we then establish an upper bound and a lower bound for the ε-convergence time. Section 5 gives some numerical examples which demonstrate the theoretical results in the previous sections. We make some concluding remarks in Section 6.
Throughout the paper, the probability of an event to occur is denoted by P(·), and the expectation of a random variable is denoted by E[·]. The set of real numbers is denoted by R. The identity matrix of an appropriate size is denoted by I, and the vector whose elements are one is denoted by 1. Let · T be the transpose operator of a matrix or a vector. Let · be the Euclidean norm for a vector and its corresponding induced norm for a matrix.
Opinion Dynamics over Signed Gossip Networks
Let us consider a signed graph defined by a connected undirected graph G(V, E), where V = {1, 2, . . . , n} is the set of nodes in the graph, n is the number of nodes. E ⊆ V × V is the set of edges. Each edge has positive or negative sign. Let E + , E − are the sets of positive and negative edges, respectively. Here, E = E + ∪ E − and E + ∩ E − = ∅. In this paper, the nodes of the graph represent agents. Each edge represents a positive (friendly) or negative (hostile) relationship between the two agents directly connected the edge. Let x i (k) ∈ R be an opinion of the agent i at time k. The initial opinions x i (0), i = 1, 2, . . . , n are given deterministically.
Our interaction model [12] over a signed graph can be defined as follows. It is an iterative procedure, where the following three steps are repeated at each time.
Step 1: Two agents directly connected with an edge are chosen randomly. That is, an agent i is chosen with probability 1/n, and then it contacts one of its neighboring agent j : (i, j) ∈ E with probability p i j . We assume that
Step 2: The agents exchange their values according to the sign of the edge. That is, agent i sends the value of x i (k) to node j as
and agent j sends the value of x j (k) to node i as y j (k) in the same way.
Step 3: The agents update their states as the average of each agent's value and its received value. That is, agent i updates its state as
and node j updates its state in the same way. The states of the other agents remain.
Remark 1
Our model above coincides with the standard gossip algorithm [9] for unsigned graphs if E − is empty.
Our opinion dynamics over signed graphs can be written as a compact form
where
With probability p i j /n, the random matrix W(k) is
where e i is a unit vector with the ith component is one and the others are zero.
Let us define a matrix
we see that P1 = 1. We further introduce a matrix S = s i j to model the signs of the edges in the graph, where
With the matrices P and S , we have the following fact.
Lemma 1
Here • is the Hadamard product operator, i.e., the element-wise product operator.
by directly computing the expectation of W(k), where the definition of the matrix W i j is given by (2) . Note that the elements of L in (3) can be represented as
with an adjacency matrix A = a i j , where
Since the matrix L has the same form as the graph Laplacian defined in [8] , the lemma provides a simple representation of the graph Laplacian of signed undirected graphs. We immediately see that L has several useful properties explored in [8] .
To summarize these properties, let us first introduce important notions regarding signed graphs. A connected signed graph is said to be structurally balanced if it admits a bipartition of the nodes
and s i j < 0 if p q. Otherwise, it is said to be structurally unbalanced. When a given connected signed graph is structurally balanced, we define a vector
Then we have the following facts [8] .
Lemma 2 Suppose that L is the graph Laplacian of a connected signed graph which is given by (3). Then
Since L is symmetric and positive semidefinite, all of the eigenvalues of L are real and nonnegative. Thus we write
The above lemma says that, when the given connected signed graph is structurally balanced, we have λ n−1 (L) > 0 and λ n (L) = 0, where the eigenvector which corresponds to λ n (L) is σ. When the given connected signed graph is structurally unbalanced, we have λ n (L) > 0.
Moreover, since L is composed of P and S in our representation, we see
where tr(A) denotes the trace of matrix A. That is, we can state the following fact.
Lemma 3 Suppose that L is defined as (3). Then
holds true.
Convergence Analysis
In this section, we prove that the opinion formation converges in mean square and converges almost surely.
Convergence in Mean Square
Let us define two kinds of consensus. An opinion dynamics over a signed gossip network is said to achieve a bipartite consensus if the states of all nodes tend to a consensus value which is the same for all nodes except for the sign. An opinion dynamics over a signed gossip network is said to achieve a trivial consensus if the states of all nodes tend to zero.
We first obtain the following result.
Theorem 1
The opinion dynamics achieves a bipartite consensus in mean square if the given connected signed graph is structurally balanced. Then the consensus value is σσ T x(0)/n. On the contrary, the dynamics achieves a trivial consensus in mean square if the graph is structurally unbalanced.
The proof of this theorem is given in the following. Suppose that the graph is structurally balanced. With σ defined by (5) and (6), let us introduce a state transformation and its inverse
where Z ∈ R n×(n−1) is an orthogonal matrix which satisfies
Note that such a Z always exists. Here Lemma 2 says that
Similarly, from the definition of W i j in (2), we see that W i j σ = σ for all (i, j) ∈ E, and thus we obtain
for all (i, j) ∈ E. Thus, with (7) and (8), we rewrite (1) as
which shows that 
implies that
for any k = 0, 1, 2, . . .. On the other hand, showing lim k→∞ E[ x(k) 2 ] = 0 should suffice for structurally unbalanced graphs. The next lemma says that these convergences are achieved, i.e., Theorem 1 is actually established.
Lemma 4 If the connected signed graph is structurally balanced,
Otherwise, if the graph is structurally unbalanced,
Proof: Suppose that the graph is structurally balanced. Since
, and W(k)σ = σ, using (9), we obtain
Due to Lemma 1 and
holds true for all k = 0, 1, 2, . . .. We therefore see that
where the notion E[X | Y] denotes the conditional expectation of random variable X given Y. Here we use the fact that W(k−1) and x a (k − 1) are independent. Using this inequality recursively, we obtain (12) .
For structurally unbalanced graph, we have
Using this inequality recursively, we obtain (13). Note here that 0 < λ n−1 (L) ≤ 1 and 0 < λ n (L) ≤ 1 for structurally balanced and unbalanced graphs, respectively. As a result of the above observation, we actually see that Theorem 1 holds true.
Almost Sure Convergence
Let us state the second main result of the paper 1 .
Theorem 2
The opinion dynamics achieves a bipartite consensus almost surely if the given connected signed graph is structurally balanced. Then its consensus value is σσ T x(0)/n. On the contrary, the dynamics achieves a trivial consensus almost surely if the graph is structurally unbalanced. 1 It is known that the inequalities (12) and (13) Proof: Suppose that the graph is structurally balanced. Employing (12) together with Markov's inequality (Lemma 5), we have
for any ε > 0. We have that 1
for any ε > 0. Then from Lemma 7, it deduces that x a (k) converges almost surely to 0 as k goes to infinity. That is, the state x(k) converges almost surely to σσ T x(0)/n. Now we consider the structural unbalanced case. Using the Markov inequality and (13), we get
Applying Lemma 7, we derive that the system achieves trivial convergence almost surely.
Convergence Time Evaluation

Convergence Time
Let us introduce a convergence time of an opinion formation.
Definition 1
For any ε ∈ (0, 1), the ε-convergence time of an opinion formation specified by
is defined as
where x * is a convergence value.
This ε-convergence time is the smallest time that it takes for the state x(k) of the algorithm to get within ε x(0) of x * with high probability.
Upper Bound
Theorem 3 For the opinion dynamics over a connected signed gossip network, the ε-convergence time satisfies
where x denotes the smallest integer not less than x. Here λ * is λ n−1 (L) for structurally balanced graphs, while it is λ n (L) for structurally unbalanced graphs.
Proof: Suppose that the graph is structurally balanced. According to the expression (11) of x a (k), notice that
This implies that
From (14) and the above inequality, we see that
or equivalently,
For structurally unbalanced graphs, we can immediately obtain the statement from (15) .
Notice that, from Theorem 1, x * is σσ T x(0)/n for structurally balanced graphs, while it should be zero for structurally unbalanced graphs.
Lower Bound
Theorem 4 For the opinion dynamics over a connected signed gossip network, the ε-convergence time satisfies
where x denotes the largest integer not greater than x. Here λ * is λ n−1 (L) for structurally balanced graphs, while it is λ n (L) for structurally unbalanced graphs.
Proof: In the structurally balanced graph case, we concentrate our attention on λ n−1 (L). It should be noted that λ n−1 (L) is the smallest eigenvalue of Z T LZ because the eigenvalues of Z T LZ coincide with the nonzero eigenvalues of L. That is, there exists a ζ 0 which satisfies
Using this ζ, we choose x(0) = Zζ. Then we see that
On the other hand, from (10), we have
Furthermore, Lemma 1 implies that
With Lemma 6 and Jensen's inequality
we obtain, for any ε ∈ (0, 1),
We therefore see that
In the structurally unbalanced graph case, we concentrate our attention on λ n (L). We take initial value x(0) to be a normalized eigenvector corresponding to this eigenvalue, that is
Now, using Lemma 1, we get
Employing Lemma 6, Jensen's inequality, and (19), we have the following estimation The two conditions in (18) and (20) are unified into
The last inequality holds if and only if
For ε ∈ (0, 1), log(1 + ε − ε 2 ) ∈ (− log(5/4), 0). Then the above condition is satisfied if
That is, we obtain (17).
Numerical Example
Let us consider a signed graph depicted in Fig. 1 , where solid lines represent positive edges and dashed lines represent negative edges.
It is easy to see that the node set V is split into two antagonistic factions V 1 = {1, 2, 3, 4, 5} and V 2 = {6, 7, 8} which satisfy the condition for structurally balanced graph. Then,
The probability matrix and the sign matrix are 
We executed a simulation, where the initial state was chosen as x(0) = −10 4 −6 3 −7 15 7 10 T . for ε = 10 −3 because λ * = 0.0421 for this graph. We performed 500,000 trials. The empirical probability such that x(482) − x * / x(0) ≥ ε was 0. That is, the probability was actually less than ε in this case. The empirical probability for x(77) − x * / x(0) ≥ ε is 499,969/500,000 = 0.9999, which verifies the theoretical result of the lower bound for ε-convergence time.
Remark 2
We see from the above numerical example that the empirical probability for P( x(K * ) − x * / x(0) ≥ ε) is equal to zero and the empirical probability for P( x(K * ) − x * / x(0) ≥ ε) = 1 > ε is equal to one. The gap between the theoretical and practical ones could be caused by the overestimates used in deriving the upper and lower bounds. However, the proposed bounds give a priori analysis of the complexity of the algorithm. Figure 3 depicts the proposed upper bound and lower bound of the ε-convergence time as functions of ε given the graph as in the above numerical example. While Fig. 4 draws the upper bound as a function of ε and λ * .
Concluding Remarks
In this paper, we have investigated an opinion dynamics over signed gossip networks. It has been shown that the opinion formation converges in mean square and almost sure to a consensus value, where a bipartite consensus or a trivial consensus is achieved. Conditions for achieving each kind of convergences have been established. We have also defined a convergence time in a probabilistic sense, and then derived its upper bound and lower bound in terms of the eigenvalue of the graph Laplacian of the given signed graph.
